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Abstract 

Let p and q be locally Holder functions in M. N , p > and q > 0. We study the 



> 

o 

Emden-Fowler equation —Au + q(x)\'Vu\ a = p{x)u^ 1 in M. N , where a and 7 are positive 
numbers. Our main result establishes that the above equation has a unique positive 
solutions decaying to zero at infinity. Our proof is elementary and it combines the 
maximum principle for elliptic equations with a theorem of Crandall, Rabinowitz and 
Tartar. 
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1 Introduction and the main result 



in 

Singular semilinear elliptic problems have been intensively studied in the last decades. 
Such problems arise in the study of non-Newtonian fluids, boundary layer phenomena 
for viscous fluids, chemical heterogenous catalysts or in the theory of heat conduction 
in electrically conducting materials. For instance, problems of this type characterize some 
reaction-diffusion processes where the unknown u > is viewed as the density of a reactant 
(see, e.g., pQ). In this framework a major place is played by the Emden-Fowler singular 
^ ■ equation 

^! -An = p(x)u-^, xen, (1) 

where Q is an open set (bounded or unbounded) in M. N (N > 3), 7 > 0, and p : $7 — > (0, 00) 
is a continuous function. For a comprehensive study of the Emden-Fowler equation we refer 
to [3 02 El EE21 EEH [201 EI] and the references therein. If Q is bounded, Lazer and McKenna 
proved in JB] that ® has a unique positive solution if p is a smooth positive function. The 
existence of entire positive solutions for 7 € (0, 1) and under certain additional hypotheses 
has been established in Edelson |H] and in Kusano-Swanson ^3]. F° r instance, Edelson 
proved the existence of a solution provided that 



POO 

J\ \x\=r 



for some A E (0, 1). This result is generalized for any 7 > via the sub and super solutions 
method in Shaker j^Hj or by other methods in Dalmasso [7j- For further results related to 
singular elliptic equations we also refer to IS El IH] ■ 
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The purpose of this paper is to extend some of these results in the more general frame- 
work of singular elliptic equations with nonlinear gradient term. Problems of this type 
arise in stochastic control theory and have been first studied in Lasry and Lions JH]- The 
corresponding parabolic equation was considered in Quittner |19j . Elliptic problems with 
nonlinear gradient term have been also studied in various contexts (see, e.g., |2*1 IT2| IT7 | IT8] ) . 

We study the problem 



-Are + q(x)\Vu\ a = p{x)u 7 in 



DiV 



u > in R N ( 2 ) 
lim u(x) = 0, 

\x\—*oo 

where N > 3, a > and 7 > 0. We assume throughout this paper that p, q € C 1 °'"(R-' V ), 
p > and q > in R N . Set 

<3?(r) = m&xp(x). (3) 

\x\=r 

We impose no growth hypothesis on q but we suppose that p satisfies the following decay 
condition to zero at infinity: 



r®(r)dr < 00. (4) 

In particular, potentials p(x) which behave like |x| _Q as |x| — > 00, with a > 2, satisfy this 
assumption. 

Our main result is the following: 

Theorem 1.1. Under the above hypotheses, problem ^ has a unique classical solution. 



2 Proof of Theorem 11.11 

We first establish the existence of at least one solution of problem (|2*J). For this purpose, 
for any integer n > 1, we consider the auxiliary boundary value problem 

— Au + q(x)\S/u\ a = p(x)u~ 1 in B n 

u > in B n (5) 
u = 0, on dB n , 

where B n := {x £ R^; \x\ < re}. We observe that the function u = Eip\ is a subsolution 
of ®, provided that e > is sufficiently small, where (pi > is the first eigenfunction of 
(—A) in H^Bn). In order to find a supersolution of ©, we observe that any solution of 

—Am = p(x)u^" / in B n 
< u > in B n (6) 
u = on dB n 

is a supersolution of ©• But problem @ has a solution, by Theorem 1.1 in Crandall, 
Rabinowitz and Tartar [H]. Denote by u n this solution. By standard bootstrap arguments 
(see PH), u n G C 2 (B n )nC(^). Also, by the maximum principle, it follows that n n < u n+ \ 
in S n . Until now we know that there exists u(x) := lim n ^ 00 re n (x) < +00, for all x £ R . 
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Next, we establish the existence of a positive smooth function v such that u n < v in 
R N . Let $ be defined by © and set 

C 

w (r) :=K- j ( X ~ N J a^H^dadC, 


where 

K := j ( l - N J a N - 1 <^>(a)dadC for any r > 0, (7) 
o o 

provided that the integral is convergent. Then -At« = $(r) and lim^oo w(r) = 0. 
We prove in what follows that K < +oo. An integration by parts yields 

r C r C 

| C 1 ^ / a"" 1 *^) At dC = (2 - AT 1 / ^C 2 ^ / a N ~^(a) da d( 



(r r \ 

-r 2 - N j a N - 1 <S>(a)da + J (${() d( 
o c 

Next, by L'Hospital's rule, 

r r 
J a N - l ^{a)da + J C$(CK 



(8) 



lim I —r 







- fa N ~ 1 <S>(a)da + r N - 2 f(<S>(()d( 
lim -° — ° = hm / (HC)dC = f CHC)d( < oo, 



by our assumption @. Thus we obtain that K = (N — 2) 1 f d( < oo. So, by the 

o 

oo 

definition of w, w(r) < (N - 2) _1 J ((&(()dC, for any r > 0. 

o 

Set 

v(r) := [c(2 + 7 )u;(r)] 1/(2+7) , 

where 

c: = [if(2 + 7 )] 1/(1+7) . 

In particular, from w(r) — > as r — > oo, we deduce that i?(r) — > as r — > oo. Since w is a 
decreasing function, it follows that v decreases, too. Hence 

v(r) v(0) c 

t 1+ ~>dt < [ t 1+ ~<dt = cw(0) =cK= j t 1+ ^dt. 



It follows that v{r) < c for all r > 0. 
On the other hand, 



Vw = 

c 



-v 1+ ^X7v and Aw = -v 1+ ^Av + - (v 1+ ~<)' \Vv\ 2 . 
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Hence 

Av < cv'^Aw = -cv'^^ir) < -v~ 7 $(r) . (9) 
By © and © we obtain that u n < v in B n . Therefore 

u\ <U2< ■ ■ ■ <u n < u n+ i < ■■■ <v, 

with v vanishing at infinity. Now, standard bootstrap arguments (see |1U|) imply that 
u(x) := limn^oo u n {x) is well defined and smooth in R . Moreover, u is a classical solution 
of problem (j2J). 

We justify in what follows the uniqueness of the solution to problem ((2j). Suppose that 
u and v are arbitrary solutions of ©• In order to establish the uniqueness, it is enough to 
show that u < v in R^. Arguing by contradiction, it follows that max^ggjv (u(x) — v(x)) =: 
M > 0. Assume that u(xo) — v(xo) = M. Then u(xq) > v(xo) > 0, Vu(xo) = Vv(xo) and 
A(u - v)(x ) < 0. But 

A(u - v)(x ) = q(x ) [|Vn(x )| a - \Vv(x )\ a ] + p(x ) (^ 7 (x ) - ^ 7 (x )) = 
p(x ) (u~ 7 (x ) - n" 7 (x )) > 0, 

which is a contradiction. This implies that u < v, and so u = v in M. N . □ 
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